Some concepts, such as non-compactness measure and condensing operators, defined on metric spaces are extended to uniform spaces. Such extensions allow us to locate, in the context of uniform spaces, some classical results existing in nonlinear analysis. An application of our results is given for operators defined on locally convex spaces. The main aim of this work is to unify some well-known results existing in complete metric and vector topological spaces.
Proposition 1 Let E be a topological space and T : E → CB(X) an H-continuous multi-function.

Then, T is lower semi-continuous.
Proof Let a ∈ E and G be an open subset of X such that T a ∩ G = ∅. Hence, there exist x 0 ∈ T a and U ∈ U such that T a ∩ U Let K(X) denote the family of all compact nonempty subsets of X. Since K(X) ⊆ CB(X), we consider K(X) endowed with the induced H-topology.
Theorem 2 Let E be a topological space and T : E → K(X) a multi-function. Then, T is lower and upper semi-continuous, if and only if, T is continuous with respect to the induced H-topology on K(X).
Proof Let us assume T is a lower and upper semi-continuous multi-function. Let a ∈ E, U ∈ U and V ∈ U such that V • V −1 ⊆ U . We have T a ⊆ V [T a] and due to T is upper semi-continuous, there exists V a neighborhood of a such that, for each u ∈ V a , T u
On the other hand, T a is compact and hence there exist x 1 , . . . , x r ∈ T a such that T a ⊆ G, where
Since for all i ∈ {1, . . . , r}, T a ∩ V [x i ] = ∅, the lower semi-continuity of T implies there exists W a neighborhood of a such that, for each u ∈ W a , T u ∩ V [x i ] = ∅, for all i ∈ {1, . . . , r}. That is, for each u ∈ W a , there exist y 1 , . . . , y r ∈ T u such that for all i ∈ {1, . . . , r},
We have proved that for each
. Thus, T is continuous at a according with the H-topology.
Next, we assume T is continuous according to the H-topology on K(X). From Proposition 1, T is lower semi-continuous. Let us prove that T is upper semi-continuous. Let a ∈ X and G be an open subset of X such that T a ⊆ G. Since X is a uniform space and T a is compact (see Proposition 4, Section §4.3, Chapter II in [2] , for instance), there exists
, T is upper semi-continuous and therefore the proof is complete.
Let D be a subset of X and T : D → C(X) a multi-function. We say T is weakly lower (respectively, upper) semi-continuous, if for each λ ∈ Λ and α ≥ 0, the set {x ∈ D : Proof Let λ ∈ Λ and α ≥ 0. Suppose T is lower semi-continuous and define
α}. In order to prove that A is an open set, suppose A = ∅ and choose a ∈ A.
This proves that A is an open set and therefore, (3.1) holds.
Next we define
This proves that V a ⊆ A and therefore, A is an open set, which concludes the proof.
Remark As shown in [12] , even though X is a metric space, there exist weakly continuous multifunctions, which are not lower or upper semi-continuous multi-functions.
Theorem 4 Let E be a subset of X and T : E → CB(X) be a H-continuous multi-function. Then,
T is weakly continuous.
Consequently,
and therefore, the weak continuity of T is directly obtained.
Non-compactness measure
In accordance with the uniformity generating the topology of X, a subset D of X is precompact, if for each λ ∈ Λ and ǫ > 0, there exist x 1 , . . . , x r ∈ X such that D ⊆ B λ (x 1 , ǫ) ∪ · · · ∪ B λ (x r , ǫ). Moreover, a filter F on X is a Cauchy filter (c.f. [2] ), if for each λ ∈ Λ and ǫ > 0, there exist A ∈ F such that
is precompact, if and only if, α(A) = 0.
It is easy to see the following three properties hold:
Theorem 5 below extends a classical result (Theorem 1') by Kuratowski in [18] .
Theorem 5 Suppose X is complete. Let B be a filter base on X such that B ⊆ CB(X), E = B∈B B, and suppose inf{α(B) : B ∈ B} = 0. Then, E is compact and nonempty, and B converges to E in the H-topology, i.e. for each λ ∈ Λ and ǫ > 0, there exists B ∈ B such that H λ (B, E) < ǫ.
Proof Since E is closed, X is complete and α(E) = 0, we have E is compact. Let F be the filter generated by B, i.e., F = {A ⊆ X : ∃B ∈ B, B ⊆ A}. In order to prove E is nonempty, let us denote by F * a ultrafilter such that F ⊆ F * . By assumption, for each ǫ > 0 there exists B ∈ B such that for
) and c), we obtain α(C) = α(T (B)) = α(T (C)) and due to T is condensing, we have α(C) = 0 and the proof is complete.
Let F = {k λ } λ∈Λ be a family of constants such that for each λ ∈ Λ, 0 ≤ k λ < 1, D a subset of X and T : D → CB(X). We say T is an F -contractive multi-function, if for any x, y ∈ D and y) . Let k be a constant such that 0 < k < 1. We say T is a k-set contraction, if T is continuous and for each A ⊆ D such that A ∈ B(X), we have T (A) ∈ B(X) and α(T (A)) ≤ kα(A). Of course, every k-set contraction is condensing.
Theorem 9 Let F = {k λ } λ∈Λ be a family of nonnegative constants such that k = sup λ∈Λ k λ < 1 and
Proof Let A ∈ CB(X) and ǫ = α(A). For each λ ∈ Λ and η > 0, there exist a 1 , . . . , a r ∈ X such Remark Let B ∈ CB(X) be a non compact set and T : X → CB(X) be defined as T x = B, for all x ∈ X. We have, for any family F of nonnegative constants, T is an F -contractive multi-function, which is not condensing. This example shows that it is not a strong condition, in Theorem 9, to assume that T has compact images.
Extended versions of Caristi's theorem
In this section, the space X is assumed complete with respect to U, i.e. any Cauchy filter base in X converges. 
Lemma 11
Then, is a partial order relation on X and for each x 0 ∈ X, there exists a maximal element x * ∈ X such that x 0 x * .
Proof It is easy to see that is a partial order relation on X. For each x ∈ X, let I(x) = {y ∈ X : x y}. Since for each λ ∈ Λ, ϕ λ is lower semi-continuous and I(x) = λ∈Λ {y ∈ X :
is closed. Fix x 0 ∈ X, let C be a totally ordered subset of I(x 0 ) and B = {I(x) ∩ C : x ∈ C}. Hence, B is a filter base in I(x 0 ). Let ǫ > 0. Because of for each λ ∈ Λ, ϕ λ is bounded below, there exists L λ = inf{ϕ λ (x) : x ∈ C}. Let us choose x λ ∈ C such that ϕ λ (x λ ) < L λ +ǫ and notice ϕ λ is decreasing. Consequently, for x λ u v, we have ϕ λ (u)−ϕ λ (v) < ǫ and hence d λ (u, v) < ǫ. This fact proves B is a Cauchy filter base in I(x 0 ) and thus it converges to some v ∈ I(x 0 ). Since for each x ∈ C, I(x) is closed, we have {v}
and hence v is an upper bound of C. Therefore, by Zorn's Lemma there exists a maximal element
Remark Lemma of Mizoguchi in [20] could have been used to prove Lemma 11. However, for the sake of completeness, we preferred to give an independent proof. On the other hand, when for each λ ∈ Λ, ϕ λ = ϕ does not depend on λ, the proof of the above lemma could be carried out by defining a suitable sequence instead of a filter base. In this case, this lemma requires only sequentially completeness instead of completeness.
Theorem 12 below gives two extended versions of Caristi's theorem. In particular, Theorem 1 by Mizogushi in [20] , which is an improved version of Caristi's Theorem [6] , is generalized by means of (12.1) below.
Theorem 12 Let T : X → C(X) be a multivalued function and suppose for each λ ∈ Λ, ϕ λ : X → R is a lower semi-continuous and bounded below function. Then, the following two propositions hold:
then, T has a fixed point.
(12.2) If for each x ∈ X, each y ∈ T x and each λ ∈ Λ, d λ (x, y) ≤ ϕ λ (x) − ϕ λ (y), then, there exists
Proof Conditions (i) and (ii) are easy to verify and we only prove condition (iii). We need to prove that α(co(A)) ≤ α(A). Let ǫ = α(A), λ ∈ Λ, η > 0 and x 1 , . . . , x r ∈ X such that A ⊆
and there exists 0 = t 0 < t 1 · · · < t s = 1 a partition of [0, 1] such that (t i − t i−1 ) x 1 − x 2 λ < η.
and since
it follows from induction and (3) that there exist a finite subset F of X such that
Consequently, α(co(A)) ≤ α(F + B λ (0, ǫ + 2η)) ≤ ǫ + 2η, which completes the proof due to η > 0 is arbitrary.
Lemma 20 Let C ∈ Q(X) and T : C → Q(C) be a continuous multi-function. Then, T has a fixed point.
Proof It directly follows from Theorem 2 by Fan in [10] .
The following result extends, to locally convex spaces and for continuous multi-functions, a known theorem by Darbo in [9] . Proof Let x 0 ∈ X and Σ = {K ∈ CB(X) :
we have Σ = ∅. Let B = K∈Σ K and C = co({x 0 } ∪ T (B)). We have T (B) ⊆ K∈Σ T (K) ⊆ B and x 0 ∈ B. Moreover, since B is closed and convex, C ⊆ B. Thus T (C) ⊆ T (B) ⊆ C, C ∈ Σ and B = C. From property c) and (iii) in Lemma 19, we obtain α(C) = α(T (B)) = α(T (C)) and since T is condensing, we have α(C) = 0. Since C ∈ Q(X) and T (C) ∈ Q(C), it follows from Lemma 20 that T has a fixed point, which completes the proof.
For each K subset of X and x ∈ K, the inner set of K at x is defined as
Also we define the envelope of I K (x) as
Let T : K → C(X) be a function. We say T is inward (respectively, weakly inward), if for each x ∈ K, T (x) ∈ I K (x) (respectively, T (x) ∈ I K (x)).
Theorem 22 below is an extension to locally convex spaces of an result by Martínez-Yáñez in [19] .
See also [23] .
Theorem 22 Let F = {k λ ; λ ∈ Λ} be a family of nonnegative constants and T : K ⊆ X → X be a weakly inward F -contractive function. Then, T has a fixed point.
Proof For each λ ∈ Λ, choose ǫ λ > 0 such that k λ < (1 − ǫ λ )/(1 + ǫ λ ). Since T is weakly inward, there exists f : K → K and c : K → R such that, for any λ ∈ Λ and x ∈ X,
with c(x) ≥ 1. Let h(x) = 1/c(x), w(x) = (1 − h(x))x + h(x)T (x), fix λ ∈ Λ and observe that w(x) − x λ = h(x) T (x) − x λ and w(x) − f (x) λ ≤ ǫ λ h(x) T (x) − x λ .
Hence x − f (x) λ ≤ (1 + ǫ λ ) w(x) − x λ and accordingly
and thus, Corollary 18 implies that there exists x * ∈ X such that f (x * ) = x * . Since ǫ λ ≤ 1, from (4) we have, for any λ ∈ Λ, T (x * ) − x
